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V. P. Soltan (Chişinău)

The Kuratowski Number of a Closure Space

Note. This English translation of В. П. Солтан’s paper, Число Куратовского в пространстве с замыканием
(in Russian), in IV Tiraspol Symposium on General Topology and its Applications (P. K. Osmatesku, ed.), Editura
S, tiint,a, Chis, inău, (1979), 137–139, was prepared by Mark Bowron in July 2012.

1
To verify the independence of the closure axioms, Kuratowski considered the following problem in [8]

and [9, 48]: “How many different sets may be obtained from an arbitrary subset of a topological space by
applying closure and complement to it in any order?” Kuratowski showed that no more than 14 distinct sets
can be obtained. Many variants of this problem have appeared. See, for example, [3] and [6].

The Kuratowski result was generalized by Hammer [4] to the case of closure spaces. Recall that a
mapping h is called a closure operator on a set X, if for any sets A, B ⊂ X we have

A ⊂ hA, hhA = hA, hA ∪ hB ⊂ h(A ∪B).

A set X together with a closure operator h is called a closure space. Sometimes h∅ = ∅ is also assumed.
Closure spaces satisfying this additional axiom are called Fréchet V-spaces.

Definition. The Kuratowski number k(X) of a closure space X with closure h is the least integer m
such that for each A ⊂ X, the family

A, hA, chA, hchA, . . .
cA, hcA, chcA, hchcA, . . .

contains no more than m different sets (here cB is the complement of B in X).

Theorem. (Kuratowski – Hammer). Any closure space satisfies the inequality k(X) ≤ 14.
Theorem. The Kuratowski number of any closure space is even.

The following theorems extend results for topological spaces in [1], [5] respectively, to closure spaces.

Theorem. If |X| = p, where 1 ≤ p ≤ 6, then k(X) ≤ 2p + 2.
Theorem. If k(X) = 14, then |X| ≥ 6.

A nontrivial example of a closure operator is the convex hull operator in a linear space X. In [7] it has
been shown that in this case k(X) ≤ 10. The following theorem generalizes this result.

Theorem. Let X be a finite-dimensional convexity space (the definition of which can be found, for example,
in [2]) and h the convex hull operator on X. Then k(X) ≤ 10.
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